In this paper, we give some identities of symmetry for the generalized qBernoulli polynomials of the second kind which are derived from some p-adic invariant integras on Z p .
Introduction
One may refer to the papers [3] , [5] , [10] , [18] and [19] for some of the previous works on identities of symmetry in two variables involving Bernoulli polynomials and power sums, and brief history of them. A particular attention must be paid to [10] , where in order to find such identities of symmetry the author uses the p-adic integral expression of the generating function for the Bernoulli polynomials and the quotient of integrals that can be expressed as the exponential generating function for the power sums. The idea of [10] was extended in [8] to the case of three variables so as to yield many new identities with abundant symmetry(see also [6] , [7] ). The reason why there are more symmetries in three variable case than two is that the expressions giving the symmetric identities are invariant under any permutations of the three variables. This added some new identities of symmetry even to the existing ones in two variables as well. These abundance of symmetries would not be unearthed if such p-adic integral representations had not been available.
It has been desirable to find the q-extensions of those symmetric identities. This can be done for the Carlitz q-Bernoulli polynomials that can be expressed in terms of q-Volkenborn integrals(see [11] , [14] ) and for the q-Bernoulli polynomials of the second that are given by Volkenborn integrals(also, called bosonic p-adic invariant integrals)(see [12] ). The former q-Bernoulli polynomials agree with the ones originally defined by Carlitz in completely different manner(see [2] , [1] , [16] ) and the latter q-Bernoulli polynomials are of different nature and sometimes even more useful(see [12] ).
Recently, in [4] Y. He found symmetric identities in two variables for the Carlitz q-Bernoulli polynomials by using q-zeta functions. Inspired by this and to be able to get identities of symmetry involving more than two variables also, p-adic approaches to this problem for both kinds of q-Bernoulli polynomials are developed successfully(see [9] , [17] ). The present paper concerns a symmetric identity for the q-Bernoull polynomials of the second kind twisted by a Dirichlet character(see [13] ).
Let p be a fixed prime number.Throughout this paper, Z p , Q p , and C p will, respectively, denote the ring of p-adic rational integer, the field of p-adic rational numbers and the completion of algebraic closure of Q p . Let ν p be the normalized exponential valuation of C p with |p|
Let χ be the Dirichlet's character with conductor d ∈ N. As is well known, the generalized Bernoulli polynomials are defined by the generating function to be
When x = 0, B n,χ = B n,χ (0) are called the generalized Bernoulli numbers attached to χ.
For d ∈ N with (d, p) = 1, and N ∈ N, we set
and a + dp
where a ∈ Z lies in 0 ≤ a < dp
where
where n ∈ N. (see [10] ). By (5), we easily get
Thus, from (6), we have
In this paper, we consider the generalized q-Bernoulli polynomials of the second kind attached to a Dirichlet character χ. From some bosonic p-adic invariant integrals on Z p , we derive some new and interesting identities of symmetry for those polynomials that are invariant under the Dihedral group D 3 .
2. An identity of generalized q-Bernoulli polynomials of the second kind
Now, we consider the generalized q-Bernoulli polynomials of the second kind B n,χ,q (x) that are given by the following Volkenborn integral
From (8), we can derive the generating function of B n,χ,q (x) as follows; (10) From (10), we can derive the following equation:
By the same method as (11), we get
Therefore, by (11) and (12), we obtain the following theorem. 
are the same for any σ ∈ D 3 . Now, we observe that
Therefore, by Theorem 2.1 and (15), we obtain the following theorem. 
are the same for any σ ∈ D 3 .
We observe that
From (14), we have
by (11), (12) and (15), we get 
As this expression is invariant under any permutations in w 1 , w 2 , w 3 . We have the following theorem. 
